Abstract versions of Korovkin theorems on modular spaces
via statistical relative summation process for double
sequences

Sevda Yildiz

Department of Mathematics, Sinop University, Sinop, Turkey

E-mail: sevdaorhan@sinop.edu.tr

Abstract

In this paper, we studied the abstract versions of Korovkin type approximation theorems via
statistical relative A—Summation process in modular spaces for double sequences. Then, we
discuss the results which are obtained by special choice of the scale function and the matrix
sequences and we give an application that shows our results are stronger than studied before.
Finally, we study an extension to non-positive linear operators.
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1 Introduction

The classical Korovkin type theorem deals with the approximation only using test functions that
provides the approximation in whole space[19]. Several authors work on this theorem and this
theorem has been extended with the use of summability methods since they make a non-convergent
sequence convergent (see [1, 11, 14, 15, 31, 34]). One of the most important papers on Korovkin
type approximation theory is [5] in which the authors gave the Korovkin theorem on modular
spaces including as particular cases L,, Orlicz and Musielak-Orlicz spaces. After their work, many
authors studied Korovkin type theorems on modular spaces (see [4, 7, 16, 17, 28, 29]). Recently,
Yilmaz et al. [36] defined a new type of modular convergence by using the notion of relative uniform
convergence ([9, 23]). Then, Korovkin type theorems have been studied via the statistical version of
this new notion by Demirci and Kolay ([10]) for single sequences and by Demirci and Orhan ([12])
for double sequences. Also, Korovkin-type approximation theorems are studied via A—summation
process in modular spaces (see [13, 18, 28, 30]). In this work, we obtain the abstract versions of the
Korovkin type approximation theorems via statistical relative A—Summation process in modular
spaces for double sequences of positive linear operators. Hence, we changed classical test functions
of Korovkin theorem. In Section 2, we introduce the notations and definitions which are needed
and states the results. The proofs of the main results are given in Section 3. Section 4 gives an
application showing that our results are stronger. Finally, in the last section, we show that the
positivity condition of linear operators in the Korovkin theorems can be relaxed.

2 Preliminaries

For the purposes of the present paper, we begin by recalling the concept of Pringsheim convergence.

A double sequence © = () is convergent to L in Pringsheim’s sense if, for every € > 0, there

exists N = N(e) € N such that |2, — L| < € whenever m,n > N and denoted by P —limz,,, = L
m,n
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(see [33]). A double sequence is bounded if there exists a positive number B such that |z,,,| < B
for all (m,n) € N> = N x N. We note that contrary to the case for single sequences, a convergent
double sequence need not to be bounded.

The concept of statistical convergence for double sequences was introduced and studied by
Moricz [24] and can be reformulated in terms of natural density.

Let S C N? be a two-dimensional subset of positive integers and let
Smn = {(k,1) €S :k<m, I <n}. Then the two-dimensional analogue of natural density can
be defined as follows:

1
02(S) := P — lim— | S|
m,nmn
if it exists. The number sequence = (x,,, ) is statistically convergent to L provided that for every
e > 0, the set S := Sp,n(e) == {k<m, I <n: |z — L| > e} has natural density zero; in that

case we write sto — lima,,,, = L. Also, this convergence method was characterized in [24] as given
m,n

below:

A double sequence x = (z,,,,) is statistically convergent to L if and only if there exists a set
S C N? such that the natural density of S is 1 and

P - m,lLH—r}oo Tmn = L.
and (m,n)€S

Clearly, a P—convergent double sequence is statistically convergent to the same value but its con-
verse is not always true.

Now we recall the concepts of statistical superior limit and inferior limit for double sequences
have been introduced by Cakan and Altay [8]. For any real double sequence x = (), the
statistical limit superior of x is

sup G, if G, # 9,

sty — lim supx,,, = { oo HG. — o
) xr — b

where G, = {C € R: 62 ({(m,n) : Tppn > C}) # 0} and @ denotes the empty set. It means in
general to be 02 (G,) # 0 that either d2 (G,) > 0 or G, fails to have the double natural density.
Similarly, the statistical limit inferior of z is

inf [, if F, # o,

sty — liminfx,,, = { o HF -
i xr — )

m,n

where F, :={D € R: 6 ({(m,n) : s, < D}) # 0} . The ordering relation between these concepts
is similiar as in the ordinary superior or inferior limit, i.e.,

sty — liminfz,,, < sts — limsupz,,,.
m,n m,n

We recall some notations related to the summability theory.
Let A = [agimn], k,l,m,n € N, be a four-dimensional infinite matrix. For a given double
sequence & = (Zy,y), the A—transform of z, denoted by Az := ((Ax)x), is given by

(A.’L‘)kl = Z AklmnTmn, kal € Na
(m,n)eN?
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provided the double series converges in Pringsheim’s sense for every (k,1) € N2. We say that a
sequence x is A—summable to L if the A—transform of x exists for all k,I € N and convergent in
the Pringsheim’s sense i.e.,

P q
P —lim Z Z AklmnTmn = Y and P — lllir? Yy = L.
P Lt ,

In summability theory, a two-dimensional matrix transformation is called regular if it maps every
convergent sequence in to a convergent sequence with the same limit.

Now let A := (A®9)) = (a](;lfn)n) be a sequence of four-dimensional infinite matrices with
non-negative real entries. For a given double sequence of real numbers, z = (x,,,) is said to be
A—summable to L if N

P— lllﬂnll Z agl’fn)nmmn =L
(m,n)eN?
uniformly in ¢ and j.

If A3 = A, four-dimensional infinite matrix, then A—summability is the A—summability for
four-dimensional infinite matrix. Some results regarding matrix summability method for double
sequences may be found in the papers [32], [35].

Now, we start by giving basic concepts and facts of modular spaces.

Assume that X be a locally compact Hausdorff topological space with a uniform structure
U C 2X*X that generates the topology of X (see, [21]). Let B be the o—algebra of all Borel subsets
of X and u : B — R is a positive o—finite regular measure. Let LY (X) be the space of all real valued
p—measurable functions on X provided with equality almost everywhere, Cy, (X) be the space of
all continuous real valued and bounded functions on X and C. (X) be the subspace of Cj (X) of
all functions with compact support on X. In this case, we say that a functional p : L% (X) — [0, o]
is a modular on LY (X) if it satisfies the following conditions:

(1) p(f) =0if and only if f = 0 y—almost everywhere on X,
(i1) p(=f) = p(f) for every f € L°(X),
(ii1) p(af + Bg) < p(f)+ p(g) for every f,g € L° (X) and for any o, 8 > 0 with a + 5 = 1.

A modular p is N—quasi convex if there exists a constant N > 1 such that the inequality
p(af+Bg) < Nap(Nf)+ NBp(Ng) holds for every f,g € L° (X), o, 8 > 0 with a + 3 = 1. Note
that if NV =1, then p is called convex. Furthermore, a modular p is N—quasi semiconvex if there
exists a constant N > 1 such that p (af) < Nap (N f) holds for every f € LY (X) and « € (0,1].

The modular space X, generated by modular p, given by

X, = {f € L°(X): lim p(\f) :0}
A—0+
and the space of the finite elements of X,, given by
X, ={fe€X,:p(Af) <oo forall A>0}.

Also, note that if p is N—quasi semiconvex, then the space
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{feL’(X):p(\f) < oo for some A > 0} coincides with X,.
Now we recall the statistical relative modular and strong convergence for double sequences (see
also [12]).

Definition 2.1. Let (f,,») be a double function sequence whose terms belong to X,. Then, (fn)
is said to be statistically relatively modularly convergent to a function f € X, if there exists a
function o(u), called a scale function o € LY (X), |o(u)| # 0 such that

sty — lim p ()\0 <fmn_f)> =0 for some A\g > 0.
m,n (o

Also, (fimn) is statistically relatively F—norm convergent (or, statistically relatively strongly con-

vergent) to f iff
sty — lim p ()\ (fmn_f>> =0 for every A > 0.
o

m,n

The two notions of convergence are equivalent if and only if the modular satisfies a As—condition,
i.e. there exists a constant M > 0 such that p (2f) < Mp (f) for every f € LY (X), see [26].

Note that if the scale function is selected a non-zero constant, then statistical modular conver-
gence is the special case of statistical relative modular convergence. Moreover, if o(u) is bounded,
statistical relative modular convergence implies statistical modular convergence. However, if o(u)
is unbounded, then statistical relative modular convergence does not imply statistical modular
convergence.

Recently, Orhan and Kolay ([30]) presented A—summation process for double sequences on a
modular space and more recently, Demirci, Orhan and Kolay ([13]) introduced the notion of relative
modular A—summation process for double sequences as follows:

A sequence T := (T,,) of positive linear operators of D into L°(X) is called a relative
A—summation process on D if (T, f) is relatively A—summable to f (with respect to modular p)
for every f € D, i.e.,

)

AT f —
P — llicmp [A (kl”ff>] = 0, uniformly in ¢, j, for some A > 0,
o

where for all k,1,4,7 € N, f € D the series

Aglijf:: Z al(céJanT7nnf
(m,n)EN?

are absolutely convergent almost everywhere with respect to Lebesgue measure and we denote
the value of Ty, f at a point w € X by Tpn(f(v);u) or briefly, Tp,n(f;u). It will be observed
that A—summation process is the special case of relative A—summation process in which the scale
function is a non-zero constant.

In this regard, some results on this new convergence method can be obtained by applying some
Korovkin type theorems for double sequences of linear operators on a modular space.

In the present paper, we consider the following assumptions:

4 A modular p is said to be monotone if p(f) < p(g) for |f| <lg|.
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¢ A modular p is finite if x4 € X, whenever A € B with p(A) < oc.
4 A modular p is strongly finite if x4 € X for all A € B such that u(A) < occ.

¢ A modular p is said to be absolutely continuous if there exists an o > 0 such that, for every
f € L°(X) with p(f) < oo, the following conditions hold:

o for each € > 0 there exists a set A € B such that u(A) < co and p (anX\A) <e,

o for every € > 0 there is a ¢ > 0 with p (afxp) < € for every B € B with p (B) < 6.

If a modular p is monotone and finite, then C' (X) C X,. If p is monotone and strongly finite,
then C'(X) C X. Also, if p is monotone, strongly finite and absolutely continuous, C.. (X) = X,
with respect to the modular convergence in the ordinary sense (see [20, 22, 27]).

3 The main results

We now prove some Korovkin type theorems with respect to an abstract finite set of test functions
fo, f1, ..., fq in the sense of statistical relative A—Summation process in modular spaces.

Let T = (Tj.,) be a double sequence of positive linear operators from D into L°(X) with
Cp(X) C D cC L°(X). Let p be monotone and finite modular on LY (X). Assume further that the
double sequence T, together with modular p, satisfies the following property:

there exists a subset X7 C DN X, with C, (X) C Xt and 0 € L% (X) is an unbounded function
satisfying o(u) # 0 such that the inequality

. Aglijh . L
sto —limsupp [ A [ —— < Rp (Ah), uniformly in 4, j, (3.1)
) o

holds for every h € X, A > 0 and for an absolute positive constant R.
Set fo (v) =1forallv e X, let f.,r=1,2,...,q and a,, r = 0,1,2, ..., g, be functions in Cy (X).
Put

P,(v)=> a, () f, (v), u,v € X, (3.2)
r=0

and suppose that P, (v), u,v € X, satisfies the following properties:
(P1) P,(u) =0, for all u € X,

(P2) for every neighbourhood U € U there is a positive real number n with P, (v) > n whenever
u,v € X, (u,v) ¢ U (see for examples [4]).

In order to obtain our main theorem, we first give the following result.

Theorem 3.1. Let A = (A®9)) be a sequence of four dimensional infinite non-negative real
matrices and let p be a monotone, strongly finite and N —quasi semiconvex modular. Suppose that
frand a., 7 =0,1,2, ..., q, satisfy properties (P1) and (P2). Let T = (T},,) be a double sequence
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of positive linear operators from D into L° (X) and assume that o, (u) is an unbounded function
satisfying |0y (u)] > b, >0 (r =0,1,2,...,q). If

AT iidJr T Jr
sty — l]iﬂr?p ()\0 (kl”ff>> = 0, uniformly in 4, j, (3.3)

Or
for some \g >0, 7 =0,1,2,...,q, in X, then for every f € C.(X)

AT
Sto — llicr?p (7 <W>> = 0, uniformly in i, j, (3.4)
o

)

for some v > 0, in X, where o (u) = max {|o, (u)| : 7 =0,1,2,...,q} . If

AT iiJr T Jr
Sty — l]icr?p <)\ <kl”ff>> = 0, uniformly in 1, j,

Or

for every A >0, r=0,1,2,...,q, in X, then for every f € C. (X)

AT £
Sty — llignllp ()\ <W>> = 0, uniformly in 1, j,
o

)

for every A > 0, in X, where o (u) = max{|o, (v)| : 7 =0,1,2,...,q}.

Proof. We first claim that, for every f € C.(X),
AT £
stg — llicnlﬂp (’y (kl”ff>> =0, uniformly in 1, j, (3.5)
, o

for some y > 0. To see this, assume that f € C, (X). Then, since X is endowed with the uniformity
U, f is uniformly continuous and bounded on X. By the uniform continuity of f, choose ¢ € (0,1],
there exists a set U € U such that |f (u) — f (v)| < € whenever u,v € X, (u,v) € U.
For all u,v € X let P, (v) be as in (3.2), and n > 0 satisfy condition (P2). Then for u,v € X,
(u,v) € U, we have |f (u) — f (v)] < %Pu (v) where M := sup |f (v)|. Therefore, in any case we
veX

get |f (u) — f(v)] <e+ %Pu (v) for all u,v € X, namely,

e %Pu (0) < f(u)—flw)<e+ ?Pu (v). (3.6)

Since Ty, is linear and positive, by applying T, to (3.6) for every m,n € N we have

2M
*5141151@‘ (fo;u) — TAglij (Pusu) < f(u) Aglij (fo;u) — A}glij (f;u)

IN

2M
EAjlglij (fosu) + TA;SMJ- (Puju) .
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Hence
|Akl13 ju) = f( )’ < ‘Aglij (fiu) = f(u) Aglij (fo;u)’
+[f (u)] |A1m] fo; u) — fo (u)|

< 5A£lij (fosu) + Aklzy (Puju) + M |Aglij (fosu) — fo (U)|
< E+(€+M ‘Ak:lz_] f07 )—fO(U)‘
ﬂ

A (u) |A£lij (erU) = fr (u)’ .

r=0

Let v > 0. Now for each r = 0,1,2,...,q and u € X, choose My > 0 such that |a, (u)| < My and
multiplying the both sides of the above inequality by Wlu)\’ the last inequality gives that

Ay (f0) = F )] e AL (i) — f ()
v S T D3

o (u) =~ o (u)

where K := ¢ + M + 2M M. Now, applying the modular p to both sides of the above inequality,
since p is monotone and o (u) = max {|o, (v)| : 7 =0,1,2,...,q}, we get

A= f 9 AL e — fr
(o)) o (e o ).

Thus, we can see that

T . q T £ _
p(’y (Akzij(f f)) Sp((quUQ)’y&) +Zp ((quQ)K'y <Aklm§7‘ fr)) '
r=0 r

Since p is N—quasi semiconvex and strongly finite, we have,

T ¢ q T o
) (’y (Aklij: f)) < Nep ((q +3) 7N> +ZP <(q+2)K7 (Akmir ﬁ«)) . (3.7)
r=0 r

For a given €* > 0, choose an ¢ € (0, 1] such that Nep (M) < &*. Now define the following

sets:
Sy o= {(k,l) tp (7 (%))) > 6*}

Fifr — s Nep ((ar2aN
(kvl):p<(q+2)K7<Aklwfrfr>>25 Ep( - )

Sy
Y q+1

Or

q
where r =0,1,2,...,q. Then, it is easy to see that S, C |J S,,-. Hence, we have
r=0

52 (S'v) < zq: 52 (S%T’) .
r=0
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Using the hypothesis (3.3), we get

which proves our claim (3.5).
The last part of theorem can be proved similarly to the first one. I

Now, we can give our main theorem of this paper.

Theorem 3.2. Let A = (A(i’j)) be a sequence of four dimensional infinite non-negative real
matrices and let p be a monotone, strongly finite, absolutely continuous and N —quasi semiconvex
modular. Suppose that f,. and a,., r =0, 1,2, ..., g, satisfy properties (P1) and (P2). Let T = (T,n)
be a double sequence of positive linear operators satisfying (3.1) and assume that o, (u) is an
unbounded function satistying |o, (u)] > b, >0 (r =0,1,2,...,q). If

AT - — fr
Sty — llicr?p <)\ <kl”ff>> = 0, uniformly in 1, j,

Or

for every A >0, r=0,1,2,...,q, in X,, then for every f € DN X, with f — Cy (X) C Xr,
AT —
Sty — llicnllp </\0 (kl”ff>> =0, uniformly in ¢, j,
; o

for some \g > 0, in X, where o (u) = max {|o, (u)| : ¥ =0,1,2,...,q} and D, Xt are as before.

Proof. Let f € DNX, with f —Cp (X) C Xr. It is known from [6, 22] that there exists a sequence
(gr1) C C¢(X) such that p(3Af) < oo and P — llicr?p (3Xs (gke — f)) = 0 for some A§ > 0. This

means that, for every € > 0, there is a positive number Iy = [ (¢) with
p (BAS (grr — f)) < e for every k,1 > lo. (3.8)
For all m,n € N, by linearity and positivity of the operators T,,,, we have
Ao Ajlglij (fsu) = f (U)|

< )\3 |A1/£lij (f — Glolos U)’ + )‘6 |A’£lij (glolo; U) — Glolo (U)|
+)‘Ek) |glol0 (u) —f (u)‘

holds for every u € X. Now, applying modular p in the last inequality and using the monotonicity
of p and moreover multiplying the both sides of the above inequality by Wlu)\v we get

AL f—
(22
< p <3>\* (Aglij (f_glolo)>> +p <3)\* <A'I]£lijglolo _glolo)>
— 0 . 0 o
(o)
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Hence, observing |o| > b > 0, (b = max{b. : r =0,1,2,...,¢}), we can write that

A f = 1
* AT ij (f - glolo) * AT ii9lo,l0 — Glolo
p<3)\0 (’“” - +p | 3x; [ 22 -

+p (??3 (Gtoto — f)) : (3.9)

IN

Then using the (3.8) in (3.9), we have

AT f AT (f —
0 ()\3 ( klzjf f>> < e4p (3)\3 ( klij (f glolo)>>
o o
T
1p (3)\8 <Aklijglo(l: - glolo>> '

By property (3.1) and also using the facts that g;,;, € C. (G) and f — g1,1, € X1, We obtain

AT f —
sto — lim supp <)\S (kl”ff>>
k,l o

« . * Aglijglolo_glolo
C 1 Rp (3N (f — gugn)) + st — limsupp [ g [ 2ol ~ Sulo

g

IN

s

AT —
e(1+ R) + sty — limsupp (3)\3 <kl”glologlolo>>
k,l

g

IN

also, resulting from previous theorem,

Al ii9lolo — Glol
_ to — i * klijJtoto oto
0 sto IICIIllp (3)\0 (U
AEI' i9iolo — YGiolo
= sty —limsupp | 3\ | —L—22 22
k.l 0 o

AT f
0 < sty — limsupp (AS (kl”ff>> <e(1+R).
o

k.l

which gives

From arbitrariness of € > 0, it follows that

AT
sto — lim supp ()\3 (khjff)) =0.
k.l g
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A f = f
_ 1 x [ Ry —
sto lllcglp ()\0 ( 0,

Remark 3.3. Note that, in Theorem 3.2, in general it is not possible to obtain statistical relative
strong convergence unless the modular p satisfies the Ay —condition.

Furthermore,

this completes the proof. |

If one replaces the scale function by a nonzero constant, then the condition (3.1) reduces to

sty — limsupp (A (A}E”jh)) < Rp (Ah), uniformly in ¢, 7, (3.10)
k,l

for every h € X7, A > 0 and for an absolute positive constant R. In this case, the next result
immediately follows from our Theorem 3.2.

Corollary 3.4. Let A = (A(i’j)) be a sequence of four dimensional infinite non-negative real
matrices and let p be a monotone, strongly finite, absolutely continuous and N —quasi semiconvex
modular. Suppose that f,. and a,., 7 =0, 1,2, ..., q, satisfy properties (P1) and (P2). Let T = (T},,5)

be a double sequence of positive linear operators satisfying (3.10). If A}glij fr> is statistically

strongly convergent to f., r = 0,1,2,...,q, , uniformly in 4, j, in X, then <A',Elijf) is statistically

modularly convergent to f , uniformly in ¢, j, in X, such that f is any function belonging to DN.X,
with f -y (X) C Xr.

If one replaces the matrices A7) by the identity matrix and take the scale function as a non-zero
constant, then the condition (3.1) reduces to

sty — limsupp (A (Tiih)) < Rp (Ah) (3.11)
el

for every h € Xp, A > 0 and for an absolute positive constant R. In this case, the following result
immediately follows from our Theorem 3.2.

Corollary 3.5. Let p be a monotone, strongly finite, absolutely continuous and N —quasi semicon-
vex modular. Suppose that f,. and a,, r = 0,1,2, ..., q, satisfy properties (P1) and (P2). Let T =
(Tinn) be a double sequence of positive linear operators satisfying (3.11) and assume that o, (v) is an
unbounded function satisfying |o,. (w)| > b, > 0 (r =0,1,2,...,q). If (T, fr) is statistically strongly
convergent to f,. to the scale function o, r =0,1,2,...,q, in X, then (T, f) is statistically mod-
ularly convergent to f to the scale function o in X, where o (u) = max {|o, (u)| : r =0,1,2,...,q}
and f is any function belonging to D N X, with f — Cy (X) C Xr.

4 Application
Now, we give an application showing that in general, our results are stronger than classical ones.

Example 4.1. Let us consider X = [0,1]* = [0,1] x [0,1] € R? and let ¢ : [0,00) — [0,00) is
continuous function with ¢ is convex, ¢ (0) =0, ¢ () > 0 for any z > 0 and limy_,o ¢ (T) = 0.
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Then, the functional p¥ defined by

|

is a convex modular on L% (X) and

1
o(|f (x,y)])dedy for feL°(X),

—

0

Xpe ={f € L(X):p? (Nf) < +oo for some A >0}

is the Orlicz space generated by .
For every (xvy) € Xa let fO (LC Zl/) - a3( y) - ]-7 fl (iE,y) = I, f2 (xuy) =Y, f3 (‘T,y) =
ao (z,y) = 2% + 9% a1 (z,y) = —22, az (v,y) = —2y. For every m,n € N, uj,us € [0,1], let

Kpn (u1,u2) = (m+1) (n+ 1) uf"uf and for f € C(X) and (z,y) € X, set
11

Moy (f;2,y) //Kmn (u1,u2) f (w12, u2y) durdus.
00

Then we get

0

1 1
//Kmn ul,ug duldug
0

1 1

= (m+1) /u{”dul (n+1) /ugduz =1,

0 0

and hence, M., (fo;2,y) = fo (z,y) = 1. Also, we know from [3] that

1 1
an 3 L, - ’ S 9 an 5 Ly - ) S ’
(fr;2,y) — f1 (z,9)] o | (fzs2.9) = f2 (@) < =
2 2

2, 2 2. 2
‘an(flﬁx7y)_fl (mvy)’ S ma ’an(f27xay)_f2 ('T7y)‘§n+37
and for each m,n > 2, f € X, o we get p?(Mmnf) < 3209(f). Moreover, (M,,,) satisfies the
condition (14) in [29] with Xy = X,» and (M, f) is modulary convergent to f € X,». Using the

operators M = (M,,,,,), we define the double sequence of positive linear operators L. = (L) on

X, as follows:

Lpn (fa x>y) = (1 + 9mn (x7y)) Minn (f;'ra y) , for f e Xp“"v
x,y € [0,1] and m,n € N, where g, : X — R defined by

Gmn (2, Y)
1 m = s and n = t?

)

= mn (1 —mnzxy), (z,y) € (0,1) x (0,1);m # s? and n # ¢
0, (z,y) ¢ (0,--) x O,n ;. m# s? and n # t2
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s;t=1,2, . I o (z) =2P for 1 <p < oo, x>0 then X,» = L,(X) and we have for any function
f € Xpo, p°(f) = If]IZ.. Choose p = 1.
It is clear that

||>\o(gmn*9)||1
1, m=s?andn=1t>

Ao %, (z,y) € 0,i)><(0,% im#s?andn #t?
0, (x,y)géEO,m)x(O 1§;m7é52andn7ét2

‘n
s,t = 1,2, ..., where g = 0, then (g,,,) does not converge statistically modularly to ¢ = 0. Now,

L 1 1
we choose o, (z,y) = o (z,y) (r = 0,1,2,3) where o (x,y) = { zy’ (z,y) € (0,1] x (0, 1] on

1, otherwise
Ly (X). Then, we get

(o(5)) = e (=)

1, m = s and n = t2

= X ﬁ, (x,y)EEO,1)><EO,711§;m7észandn7ét2 ,

P (Ao (gmn — 9))

0, (x,y) ¢ O,g)x 0,% :m # s? and n # 2

and (gmn) converges statistically modularly to g = 0 to the scale function o. Also, assume that

(4,9) _ 1

A= (A(i’j)) = (a,(;lfn)n) is a sequence of four dimensional infinite matrices defined by a,;>" = 17

fi<m<i4+k-—1,j7j<n<j+l-1,(i,j=12,..) and a\v? = 0 otherwise. In this case

klmn
A—summability method reduces to almost convergence of double sequences introduced by Moricz

and Rhoades [25]. Then, it can be seen that, for every Li (X), A > 0 and for positive constant Ry

that .
A\ Aklijh
o

sty — lim sup
k,l

< Ro || Ah]| , uniformly in 4, j.

1
Now, observe that

Lmn (fO;-T7y)_f0 (3U’y) = Jmn (xay)v
Lmn(fl;w7y)_f1 (957?/) S Himiw+gmn(m7y)7
Ly (fos2,y) = f2 (2,y) < Himijéx’y) + gmn (T,9) ,

2

Lo (i) = @) £ (U () (555 % g ) + 20 (20,
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Hence, we can see, for any A > 0, that

A%li'fo _ fO A 1+k 17+1-1
J
() o (2 T e
1 m=i n=j 1
[ itk 1 G
mn
< o3|
m=i n=j
1, m=s?and n = t2
R 1 1 2 2
= A Z Z oo (x,y)E(O,m)x(O,E);m;és and n # t
m=i n=j
0, (x,y)gé(O,%)x(Q%);m#szandn;«ét2
z+k 1j+1-1
s, t= , Since P — hm sup kl oo 36mn = 0, then we can easily see that
m=i n=j

=0, uniformly in 4, j.

A (Aﬂglijfo - fO)

1

5t2 — lim
k,l

)

\ (Aﬂ,;lijfl —~ f1>

Also, we have

M\ mtya TImn

1 m=i n=j 1

z+lc 1j+1-1

= Z klz Zm+2

m=it n=j

z+k 1j+1-1

Z nz HAgmn

SUPz; , Z mL2
@, m=i n=j

irk—1j+1—1
Since sty — lllcr? Ly —L1_ ] =0 and from the inequality (4.1), we have

s

Al —

sto — 1]1cnl1 A (kl”flfl> =0, uniformly in 4, j.

) o
1

Similarly, we get

g

AL £, —
stog — lim || A (’m> = 0, uniformly in 7, j.

1

)
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(4.1)
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\ AH]Sliij - f3
g

i+k—1j+1-1

< g > % ((1 + gon (2,9)) (m2+3 + n2+3) + 29mn (I,y))

m=i n=j

Finally, since

1

1
itk—1j+1-1 itk—1j+1—-1

<X X () e X )

m=i n=j m=i n=j

\ (Aﬂ;glijfa - f3>

So, our new operator . = (L,,,) satisfies all conditions of Theorem 3.2 and therefore we obtain

» (A%njf - f)

for some A\g > 0, for any f € L; (X). However, (L, fo) is neither statistically .A—summable nor
statistically modularly convergent to fo. Thus (L, ) does not fulfil the Corollary 3.4 and Corollary
3.5.

Hence we can easily see that

sty — lim = 0, uniformly in ¢, j.

)

1

= 0, uniformly in 4, j.
1

sty — lim
k,l

)

5 An extension to non-positive linear operators

In this section, we relax the positivity condition of linear operators in the Korovkin theorems. In
[2, 3, 4] there are some positive answers. Following this approach, we give some positive answers
also for statistical relative A—Summation process in modular spaces and prove a Korovkin type
approximation theorem.

Let G be a bounded interval of R?, C? (G) (resp. C7 (G)) be the space of all functions defined
on G, (resp. bounded and) continuous together with their first and second derivatives, Cy :=
{J€C2(G): >0}, C2={feC}(G): [">0}.

Let f,,7=1,2,...,¢q, and a,, r = 0,1,2,...,q, be functions in C? (G), P, (v), u,v € G, be as in
(3.2), and suppose that P, (v) satisfies the properties (P1), (P2) and

(P3) there is a positive real constant Sy such that P/ (v) > Sy for all u,v € G (Here the second
derivative is intended with respect to v).

Now we prove the following Korovkin type approximation theorem for not necessarily positive
linear operators.

Theorem 5.1. Let A, p and o, be as in Theorem 3.1 and f,., a,, 7 = 0,1,2,...,q and P, (v),
u,v € G, satisfies the properties (P1), (P2) and (P3). Assume that T = (T,,,) be a double
sequence of linear operators and T, (CJr N C’i) C Cy for all m,n € N. If Aglijfr is statistically
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relatively modularly convergent to f, to the scale function o, in X, for each » =0,1,2,...,q, then
Aglij f is statistically relatively modularly convergent to f to the scale function o in X, for every
f € C%(G) where o (u) = max {|o, (u)| : 7 =0,1,2,...,q} .

If Aglij fr is statistically relatively strongly convergent to f, to the scale function o, r =
0,1,2,...,q,in X, then Aglijf is statistically relatively strongly convergent to f to the scale function
o in X, for every f € C? (G) where o (u) = max {|o, (u)] : 7 =0,1,2,...,q}.

Furthermore, if p is absolutely continuous, T satisfies the property (3.1) and Aglij fr is statis-
tically relatively strongly convergent to f, to the scale function o, r = 0,1,2,...,q, in X, then
Aglij f is statistically relatively modularly convergent to f to the scale function o in X, for every
feDnX, with f — Cy (G) C Xt where o (u) = max {|o, (u)| : 7 =0,1,2,...,q}.

Proof. Let f € C?(G). Since f is uniformly continuous and bounded on G, given € > 0 with
0 < e <1, there exists a § > 0 such that |f (u) — f (v)| < e for all u,v € G, |[u —v| <. Let P, (v),
u,v € G, be as in (3.2) and let n > 0 be associated with ¢, satisfying (P2). As in Theorem 3.1, for
every 8 > 1 and u,v € G, we have

o= BP0 < f) - f) <o+ 0P 0) (51)
where M = sup |f (v)|. From (5.1) it follows that
veG
s (0= e+ 0P ()4 £(0) = f (1) 2 0, (52)
has (0= e + 0P (0) = £(0) 4 F (1) 2 0. (53
Let Hj satisfy (P3). For each v € G, we get
2M B H, 2M B H,
s 0) 2 2R ), ng ) 2 2R ),

Because of f” is bounded on G, we can choose 3 > 1 in such a way that hY 54 (v) > 0, hy 5 (v) >0
for each v € G. Hence hy g, ha s € C NC% and then, by hypothesis

Aglij (hjp;u)>0forallmneN, ue Gandj=1,2. (5.4)
From (5.2)-(5.4) and the linearity of Ty,,, we get
2MB 1

v
N

5141151@ (fo;u) + Aklzg (Pusu) + A'l]glij (f;u) = f(u) A'l]glij (fo;u)
2M,B

EAgzij (fosu) + Aklzg (Pusu) — A'I]glij (f3u) + f(u) A'l]glij (fo5u)

Vv
L

thus,

2MﬁAW (Puiw) < f(u) Al (forw) — ATy (fru)

Mp

kl’L] (an )

IN

5A£lij (fosu) + Aklz] (Py;u).
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By arguing similarly as in the proof of Theorem 3.1, multiplying the inequality by m, using the
modular p and for k,I € N, we have the assertion of the first part.

The other parts can be proved similarly as in the proofs of Theorem 3.1 and Theorem 3.2. i
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